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On the Commutant of the Generalized Backward
Shift Operator in Weighted Spaces of Entire
Functions
Olga A. Ivanova, Sergej N. Melikhov
Abstract. We investigate continuous linear operators, which commute with the general-
ized backward shift operator (a one-dimensional perturbation of the Pommiez operator) in a
countable inductive limit E of weighted Banach spaces of entire functions. This space E is iso-
morphic with the help of the Fourier-Laplace transform to the strong dual of the Fre´chet space
of all holomorphic functions on a convex domain Q in the complex plane, containing the origin.
Necessary and sufficient conditions are obtained that an operator of the mentioned commutant
is a topological isomorphism of E. The problem of the factorization of nonzero operators of this
commutant is investigated. In the case when the function, defining the generalized backward
shift operator, has zeros in Q, they are divided into two classes: the first one consists of isomor-
phisms and surjective operators with a finite-dimensional kernel, and the second one contains
finite-dimensional operators. Using obtained results, we study the generalized Duhamel product
in Fre´chet space of all holomorphic functions on Q.
Mathematical Subject Classification (2010). Primary 46E10, 47B37; Secondary
47A05, 30D15.
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1 Introduction
Let Q be a convex domain in C, containing the origin; H(Q) be the Fre´chet space of all
holomorphic functions on Q; E be a countable inductive limit of weighted Banach spaces
which with the help of Fourier-Laplace transform is topologically isomorphic to the strong
dual of H(Q). A function g0 ∈ E satisfying the condition g0(0) = 1 defines the generalized
backward shift operator D0,g0(f)(t) =
f(t)−g0(t)f(0)
t
, which is continuous and linear in E.
If g0 ≡ 1, then D0,g0 is the usual backward shift operator (Pommiez operator) D0. In the
general case D0,g0 is a one-dimensional perturbation of D0.
The problem, which we solve in this article, is to investigate the structure of the set
K(D0,g0) of all continuous linear operators in E, which commute with D0,g0 in E. The
set K(D0,g0) has been described in [5]. In main results we assume that the function g0
has a finite number of zeros or has no zeros, i. e., g0(z) = P (z)e
λz for some λ ∈ Q and
some polynomial P , such that P (0) = 1. In Theorems 4.1 and 4.2 it is shown, that
K(D0,g0) is divided into two classes. The first one consists of isomorphisms and surjective
operators with a finite-dimensional kernel, and the second one contains finite-dimensional
operators. If g0 has no zeros, i. e., g0(z) = e
λz for some λ ∈ Q, then the second class
is empty. Previously V.A. Tkachenko [11] investigated properties of the commutant of
the operator of generalized integration in a space of analytic functionals. This space is
the dual of a countable inductive limit of weighted Banach spaces of entire functions, the
growth of which is defined by a ρ-trigonometrically convex function (ρ > 0). The operator
of generalized integration is the adjoint map of D0,g0 , defined by the function g0 = e
P for
some polynomial P. Such function g0 has no zeros.
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In the dual E ′ of E shift operators for D0,g0 define a product ⊗ by the convolution
rule. If we identify the strong dual of E with H(Q) with the help of the adjoint map
of the Fourier-Laplace transform, the operation ⊗ is realized in H(Q) as the generalized
Duhamel product. In the case of g0 ≡ 1 it coincides with the Duhamel product (with
the derivative of the Mikusinski convolution product). The Duhamel product is closely
related to the Volterra operator. It is being studied quite intensively (see the paper of M.T.
Karaev [8]). This multiplication is used in the theory of ordinary differential equations
with constant coefficients, in the boundary value problem of mathematical physics (in the
sloping beach problem), in the spectral theory of direct sums of operators. Investigations
of the Duhamel product in the space of all holomorphic functions on a domain in C go
back to N. Wigley [12]. In this article we prove the criterion that the multiplication
operator, which is defined by generalized Duhamel product, is an isomorphism of H(Q).
Note that the situation, when g0 has zeros, differ significantly from one when g0 has
no zeros. Namely, our proofs use essentially the description of the lattice of proper closed
D0,g0-invariant subspaces of E, obtained in [7]. If g0 has no zeros, D0,g0 is unicellular.
If g0 has zeros, then this lattice is not linearly ordered, moreover, the family of finite-
dimensional closed D0,g0-invariant subspaces of H(Q) is also not linearly ordered. The
mixed structure of this lattice implies the existence of two ”extreme” subsets of K(D0,g0).
2 Preliminary information
Let Q be a convex domain in C, containing the origin; (Qn)n∈N be a sequence of convex
compact subsets of Q, such that Qn ⊂ intQn+1, n ∈ N, and Q =
⋃
n∈N
Qn. The symbol
intM denotes the interior of a set M ⊂ C in C. For a bounded set M ⊂ C let HM be the
support function of M : HM(z) := sup
t∈C
Re(zt), z ∈ C. We set Hn := HQn, n ∈ N.
Define weighted Banach spaces
En :=
{
f ∈ H(C) | ‖f‖n := sup
z∈C
|f(z)|
exp(Hn(z))
< +∞
}
, n ∈ N.
HereH(C) is the space of all entire functions on C. Note that En is embedded continuously
in En+1 for each n ∈ N. Put E :=
⋃
n∈N
EQ,n and we endow E with the topology of the
inductive limit of the sequence of Banach spaces En, n ∈ N, with respect to embeddings
En in E (see [10, Ch. III, § 24]): E := ind
n→
En.
LetH(Q) be the space of all holomorphic functions onQ with the compact convergence
topology. For a locally convex space F we denote by F ′ the dual of F . We put ez(t) := e
zt,
z, t ∈ C. The Fourier-Laplace transform F(ϕ)(z) := ϕ(ez), z ∈ C, ϕ ∈ H(Q)′, is a
topological isomorphism of the strong dual of H(Q) on E [3, Theorem 4.5.3].
Fix a function g0 ∈ E with g0(0) = 1. The generalized backward shift operator is
defined by
D0,g0(f)(t) :=
{
f(t)−g0(t)f(0)
t
, t 6= 0,
f ′(0)− g′0(0)f(0), t = 0,
f ∈ E. Following [1], [2], we introduce shift operators for the operator D0,g0
Tz,g0(f)(t) :=
{
tf(t)g0(z)−zf(z)g0(t)
t−z
, t 6= z,
zg0(z)f
′(z)− zf(z)g′0(z) + f(z)g0(z), t = z,
2
z ∈ C, f ∈ E. Set
T˜z,g0(f)(t) :=
{
f(t)g0(z)−f(z)g0(t)
t−z
, t 6= z,
g0(z)f
′(z)− f(z)g′0(z), t = z,
f ∈ E, z ∈ C. For z ∈ C the Pommiez operators Dz are defined by
Dz(f)(t) :=
{
f(t)−f(z)
t−z
, t 6= z,
f ′(z), t = z,
f ∈ E. All operators Tz,g0, T˜z,g0, Dz, z ∈ C, are continuous and linear in E.
For an integer n ≥ 0 by C[z]n we denote the space of polynomials of degree at most
n. Note that KerDn0,g0 = g0C[z]n−1 for all n ∈ N.
With the help of shift operators for D0,g0 in E
′ one can define a multiplication ⊗ by
(ϕ⊗ ψ)(f) = ϕz(ψ(Tz,g0(f)), ϕ, ψ ∈ E
′, f ∈ E. By [5, 2.2] the space E ′ is an associative
and commutative algebra with the multiplication ⊗.
Let K(D0,g0) be the set of all continuous linear operators B in E, such that BD0,g0 =
D0,g0B in E. It is an algebra with composition of the operators with the rule of the
multiplication. Note that Tz,g0 ∈ K(D0,g0) for every z ∈ C. For a functional ϕ ∈ E
′ we
define the operator Bϕ(f)(z) := ϕ (Tz,g0(f)), z ∈ C, f ∈ E. It is continuous and linear in
E.
In [5, Lemma 17] the following result is proved:
Theorem 2.1. The map ϕ 7→ Bϕ is an isomorphism of the algebra (E
′,⊗) onto K(D0,g0).
From Theorem 2.1 it follows that the algebra K(D0,g0) is commutative.
From the commutativity of ⊗ it follows that for each ϕ ∈ E ′ the convolution operator
Sϕ : E
′ → E ′, ψ 7→ ϕ⊗ ψ, is the adjoint map of Bϕ : E → E with respect to dual system
(E,E ′).
Remark 2.1. We will use the following well known properties of support functions Hn:
(i) For each n ∈ N there is ε > 0, such that
sup
z∈C
(Hn(z) + ε|z| −Hn+1(z)) < +∞.
(ii) lim
|t|→+∞
((
sup
|ξ−t|≤δ
Hn(ξ)
)
−Hn+1(t)
)
= −∞ for each n ∈ N and δ > 0.
Let F t : E ′ → H(Q) be the adjoint map of F : H(Q)′ → E with respect to dual
systems (H(Q)′, H(Q)) and (E ′, E). Then F t(ϕ)(z) = ϕ (ez), z ∈ Q, ϕ ∈ E
′. In
addition, F t is a topological isomorphism of the strong dual of E onto H(Q) (see [6, 3.2]).
We will write ϕ̂ := F t(ϕ) for ϕ ∈ E ′.
By M denote the operator of multiplication by the independent variable.
Remark 2.2. (i) By [6, Lemma 14] the equality
Tz,g0(f) = g0(z)Dz(M(f))−M(f)(z)Dz(g0), z ∈ C, f ∈ E,
holds.
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(ii) For f ∈ E\{0}, h ∈ H(Q) let ωf(z, h) be the Leont’ev’s interpolating function (see
[9]). Using the equality [4, Example 1] ωf(z, h) = F
−1(Dz(f))(h), z ∈ C, we rewrite the
equality in (i) for ϕ ∈ E ′ as follows:
Bϕ(f)(z) = g0(z)ωM(f)(z, ϕ̂)−M(f)(z)ωg0(z, ϕ̂), z ∈ C, f ∈ E\{0}. (2.1)
(iii) Let f ∈ E\{0}, λ ∈ C and f(λ) = 0. By [9, Lemma 2] for the function f1(t) :=
f(t)
t−λ
ωf (z, h) = (z − λ)ωf1(z, h)−
1
2pii
∫
C
γf(t)h(t)dt, z ∈ C, h ∈ H(Q). (2.2)
Here C is a closed convex curve in Q, which surrounds the conjugate diagram of f , γf is
the Borel transform of f .
(iv) For each ϕ ∈ E ′, f ∈ E the equality ϕ(f) = 1
2pii
∫
C
γf(t)ϕ̂(t)dt holds, where C is a
closed convex curve in Q, which surrounds the conjugate diagram of f .
The main aim of this article is to describe operators of K(D0,g0), which are an isomor-
phism of E, and to classify operators of K(D0,g0), which are not isomorphism of E.
3 Auxiliary results
We put Bn := {f ∈ En | ‖f‖n ≤ 1} and ‖ϕ‖
∗
n := sup
f∈Bn
|ϕ(f)|, ϕ ∈ E ′, n ∈ N.
For ϕ ∈ E ′ the operator Aϕ(f)(z) := ϕt
(
tT˜z,g0(f)(t)
)
, z ∈ C, f ∈ E, is continuous
and linear in E. For each ϕ ∈ E ′ the equality Bϕ(f) = ϕ(g0)f + Aϕ(f), f ∈ E, holds. It
allows to study of properties Bϕ, using the theory of compact operators in Banach spaces.
A key to this is the following result.
Lemma 3.1. Let g0 ∈ Em for some m ∈ N. For each functional ϕ ∈ E
′, each n ≥ m the
operator Aϕ is compact in En.
Proof. The proof is similar to one of V.A. Tkachenko [11, Theorem 2]. Since the restriction
of ϕ on each space Ek is continuous on Ek, then for all n ∈ N, h ∈ En+2 we have
|ϕ(h)| ≤ ‖ϕ‖∗n+2‖h‖n+2.
Fix n ≥ m and ε > 0, z ∈ C, f ∈ Bn. For t ∈ C, such that |t− z| ≥ 1/ε, we obtain
|t||f(t)g0(z)− f(z)g0(t)|
|t− z| exp(Hn+2(t))
≤ ε
(
|t||f(t)||g0(z)|
exp(Hn+2(t))
+
|t||f(z)||g0(t)|
exp(Hn+2(t))
)
≤
ε(C1|g0(z)| + C2|f(z)|) ≤ ε (C1‖g0‖n exp(Hn(z)) + C2 exp(Hn(z))) =
ε(C1‖g0‖n + C2) exp(Hn(z)), (3.1)
where
C1 = sup
h∈Bn
sup
t∈C
|t||h(t)|
exp(Hn+2(t))
< +∞, C2 = sup
t∈C
|t||g0(t)|
exp(Hn+2(t))
< +∞.
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Let now |t− z| ≤ 1/ε. Applying the maximum modulus principle to the holomorphic
function f(t)g0(z)−f(z)g0(t)
t−z
, we conclude, that there exists t0 ∈ C, such that |t0 − z| = 1/ε
and
|t||f(t)g0(z)− f(z)g0(t)|
|t− z| exp(Hn+2(t))
≤ εC3
|f(t0)||g0(z)| + |f(z)||g0(t0)|
exp(Hn+1(t)))
≤
2εC3‖g0‖n exp(Hn(t0) +Hn(z)−Hn+1(t)) ≤
2εC3‖g0‖n exp(Hn(z) + β(z)), (3.2)
where C3 = sup
t∈C
(exp (log(1 + |t|) +Hn+1(t)−Hn+2(t))) < +∞ and
β(z) = sup
|η−z|≤1/ε
((
sup
|ξ−η|≤2/ε
Hn(ξ)
)
−Hn+1(η)
)
.
From inequalities (3.1), (3.2) and Remark 2.1 it follows, that
lim
|z|→∞
sup
f∈Bn
|Aϕ(f)(z)|
exp(Hn(z))
= 0.
Hence the set Aϕ(Bn) is relatively compact in En.
Lemma 3.2. Let ϕ ∈ E ′. If the operator Bϕ : E → E is injective and ϕ(g0) 6= 0, then it
is a topological isomorphism E onto E.
Proof. Let g0 ∈ Em for some m ∈ N. By Lemma 3.1 the operator Aϕ is compact in each
Banach space En, n ≥ m. Since the equality Bϕ(f) = ϕ(g0)f + Aϕ(f), f ∈ E, holds
and ϕ(g0) 6= 0, then by the Fredholm alternative the restriction of Bϕ on each space En,
n ≥ m, is a topological isomorphism En on itself. From this it follows that Bϕ : E → E
is a topological isomorphism E onto E.
In the next part of this section let g0 = Peλ for some λ ∈ Q and some polynomial P
such that P (0) = 1. By D(P ) we denote the set of all polynomials q, dividing P and such
that q(0) = 1.
We will use a characterization of proper closedD0,g0-invariant subspaces of E, obtained
in [5, Corollary 20] and [7, Theorem 2].
Lemma 3.3. [5], [7] For a subspace S of E following assertions are equivalent:
(i) S is a proper closed D0,g0-invariant subspace of E.
(ii) There exists a polynomial q ∈ D(P ) of degree greater or equal to 1, such that S = qE,
or there exist a polynomial q ∈ D(P ) and an integer n ≥ 0, such that n ≥ deg(P )−
deg(q)− 1 and S = qeλC[z]n.
Lemma 3.4. Let ϕ ∈ E ′ and the operator Bϕ : E → E be not injective. Then Bϕ(g0) = 0.
Proof. For ϕ = 0 this statement is obviously. Let ϕ 6= 0 and S := KerBϕ. Then S is a
proper closed D0,g0-invariant subspace of E. We will apply Lemma 3.3.
If there exists a polynomial q ∈ D(P ) of degree greater or equal to 1 such that
S = qE, then g0 ∈ S. We assume now that there are a polynomial q ∈ D(P ), an integer
n ≥ 0 with n ≥ deg(P ) − deg(q) − 1, for which S = qeλC[z]n. If deg(q) = deg(P ),
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then q = P and g0 = Peλ ∈ S. Consider the case deg(q) < deg(P ). In this case there
exists λ ∈ C, such that P (λ) = 0 and q(z)(z − λ) divides P (z). Note that the degree
of the polynomial P1(z) =
P (z)
q(z)(z−λ)
is equal to deg(P ) − deg(q) − 1. Hence the function
g1(z) = q(z)e
λzP1(z) =
P (z)
z−λ
eλ belongs to S. From Bϕ(g1) = 0, by (2.1), it follows that
g0(z)ωM(g1)(z, ϕ̂)−M(g1)ωg0(z, ϕ̂) = 0. (3.3)
for all z ∈ C and 0 = Bϕ(g1)(0) = ϕ(g1). By Remark 2.2, this implies that
1
2pii
∫
C
γg1(t)ϕ̂(t)dt = 0 (a closed convex curve C in Q surrounds the conjugate diagram
of g1). Multiplying (3.3) by z − λ and using the equality (2.2), we infer
g0(z)ωM(g)(z, ϕ̂)−M(g)ωg0(z, ϕ̂) = 0
for all z ∈ C. Consequently, by (2.1), Bϕ(g0) = 0.
Lemma 3.5. The following assertions are equivalent:
(i) The operator Bϕ : E → E is injective.
(ii) ϕ(g0) 6= 0.
Proof. (i)⇒(ii): From Bϕ(g0) = ϕ(g0)g0 it follows that ϕ(g0) 6= 0.
(ii)⇒(i): Suppose that Bϕ is not injective. By Lemma 3.4 Bϕ(g0) = 0 and, conse-
quently, 0 = Bϕ(g0)(0) = ϕ(g0). A contradiction.
For λ ∈ C and an integer k ≥ 0, we introduce the functional δλ,k(f) := f
(k)(λ), f ∈ E.
All these functionals are continuous and linear on E.
Lemma 3.6. Let deg(P ) ≥ 1, k(λ) be the multiplicity of a zero λ of P .
(i) δλ,k ⊗ δµ,l = 0 for all zeros λ, µ of P and for all integers k, l with 0 ≤ k ≤ k(λ)− 1,
0 ≤ l ≤ k(µ)− 1.
(ii) Bδλ,kBδµ,l = 0 for all zeros λ, µ of P and for all integers k, l with 0 ≤ k ≤ k(λ)− 1,
0 ≤ l ≤ k(µ)− 1.
Proof. The assertion (i) is verified directly (see, for example, [5, the proof of Lemma 6]).
The equality in (ii) follows from BϕBψ = Bϕ⊗ψ, ϕ, ψ ∈ E
′ (see Theorem 2.1).
Suppose that deg(P ) ≥ 1. For a polynomial q ∈ D(P ) of degree greater or equal to 1
let λj , 1 ≤ j ≤ m, be all different zeros of q, kj be the multiplicity of the zero λj of q. We
define the ”canonical” functional, corresponding to q, by
δ(q) :=
m∑
j=1
kj−1∑
k=0
δλj ,k.
Lemma 3.7. Let deg(P ) ≥ 1. For each polynomial q ∈ D(P ) of degree greater or equal
to 1 the equality KerBδ(q) = qE holds.
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Proof. Employing standard calculations, for f ∈ E we obtain:
Bδ(q)(f)(z) = δ(q)t
(
f(t)g0(z) + z
f(t)g0(z)− f(z)g0(t)
t− z
)
=
g0(z)
m∑
j=1
kj−1∑
k=0
f (k)(λj) + zg0(z)
m∑
j=1
kj−1∑
k=0
k∑
s=0
Cskf
(k−s)(λj)
(−1)ss!
(λj − z)s+1
=
g0(z)
m∑
j=1
kj∑
s=1
1
(λj − z)s
kj−s∑
l=0
βs,lf
(l)(λj), (3.4)
where all constants βl,s are independent of f ∈ E and βs,kj−s 6= 0, 1 ≤ s ≤ kj, 0 ≤ l ≤
kj − s.
Let Bδ(q)(f) = 0 for some f ∈ E. From (3.4) it follows that
kj−s∑
l=0
βs,lf
(l)(λj) = 0,
1 ≤ s ≤ kj, 1 ≤ j ≤ m. Hence f
(l)(λj) = 0, 0 ≤ l ≤ kj−1, 1 ≤ j ≤ m, and, consequently,
f ∈ qE. Vice versa, if f ∈ qE, then (3.4) implies Bδ(q)(f) = 0.
4 Main results
In this section we fix a point λ ∈ Q and a polynomial P with P (0) = 1 and set g0 := Peλ.
Theorem 4.1. For ϕ ∈ E ′ the following assertions are equivalent:
(i) The operator Bϕ is a topological isomorphism E onto E.
(ii) ϕ(g0) 6= 0.
Proof. (i)⇒(ii): If Bϕ is a topological isomorphism E onto E, then the operator Bϕ is
injective. Hence ϕ(g0) 6= 0 by Lemma 3.5.
(ii)⇒(i): By Lemma 3.5 Bϕ is injective in E. By Lemma 3.2 Bϕ : E → E is a
topological isomorphism ”onto” .
We will prove a result on the factorization of nonzero operators Bϕ. Note, that the
lattice of proper closed D0,g0-invariant subspaces of E is not linearly ordered in the case
when the function g0 has zeros [7, Theorem 2]. This significantly affects factorization.
For polynomials q, r ∈ D(P ) we denote by (q, r)1 the greatest common divisor d of q
and r with d(0) = 1.
Theorem 4.2. Let ϕ ∈ E ′, ϕ 6= 0 and ϕ(g0) = 0. Then either there exist ψ ∈ E
′, n ∈ N,
for which Bψ is a topological isomorphism E onto E and Bϕ = D
n
0,g0
Bψ, or there are a
polynomial q ∈ D(P ) of degree greater or equal to 1, an integer n ≥ 0, ψ ∈ E ′, such that
Bψ is a topological isomorphism E onto E and Bϕ = Bδ(q)D
n
0,g0
Bψ.
Proof. We will exploit Lemma 3.3. First of all, S = KerBϕ is a proper closed D0,g0-
invariant subspace of H(Q). We suppose that S = qeλC[z]n for some q ∈ D(P ) and some
integer n ≥ 0, for which n ≥ deg(P )−deg(q)−1. We will show, that q = P . Assume that
deg(q) < deg(P ). Since ϕ(g0) = 0, then Bϕ(g0) = ϕ(g0)g0 = 0. Consequently, g0 ∈ S, and
hence PeλC[z]0 ⊂ S. Choose the greatest integer m ≥ 0, such that PeλC[z]m ⊂ S. Since
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the space KerDm+10,g0 = PeλC[z]m is finite-dimensional and the operator D
m+1
0,g0 : E → E
is surjective, then there exists a continuous linear right inverse R : E → E to Dm+10,g0
[10, Theorem 10.3]. Then RDm+10,g0 (f) − f ∈ KerD
m+1
0,g0 for all f ∈ E. Note that ϕ = 0
on KerBϕ, since ϕ(f) = Bϕ(f)(0) for each f ∈ E. Consequently, γD
m+1
0,g0 = ϕ for the
functional γ := ϕR ∈ E ′. For each z ∈ C, f ∈ E we obtain:
Bϕ(f)(z) = ϕ(Tz,g0(f)) = γ
(
Dm+10,g0 (Tz,g0(f))
)
= γ
(
Tz,g0
(
Dm+10,g0 (f)
))
=
Bγ
(
Dm+10,g0 (f)
)
(z) = Dm+10,g0 Bγ(f)(z),
i. e. Bϕ = D
m+1
0,g0
Bγ. In addition, γ(g0) = 0. In fact, otherwise Bγ is injective by Lemma
3.5 and KerBϕ = KerD
m+1
0,g0 = PeλC[z]m. A contradiction with KerBϕ = qeλC[z]n. Hence
there exist s ∈ N and ξ ∈ E ′, for which Bγ = D
s
0,g0
Bξ, and consequently, Bϕ = D
m+s+1
0,g0
Bξ.
This is a contradiction with the maximality ofm. Thus, q = P . As ψ we take a functional,
defined as γ above. By Theorem 4.1 Bψ is a topological isomorphism E onto E.
Let now S = qE for a polynomial q ∈ D(P ) of degree greater or equal to 1. By
Lemma 3.7 KerBδ(q) = qE. Since KerBδ(q) has the finite codimension, then the image
Bδ(q)(E) is finite-dimensional. From this it follows that Bδ(q)(E) is a Fre´chet space with
the topology induced from E. Consequently, there is a continuous linear right inverse
R0 : Bδ(q)(E) → E to Bδ(q) : E → Bδ(q)(E). Define a functional ξ0 on Bδ(q)(E) as
ξ0 := ϕR0. Then ξ0 is continuous and linear on Bδ(q)(E) with the topology, induced from
E. By the Hahn-Banach Theorem ξ0 can be extended to a continuous linear functional
ξ on E. Since R0Bδ(q)(f) − f ∈ KerBδ(q) = KerBϕ for all f ∈ E, then ξ0Bδ(q) = ϕ and
also ξBδ(q) = ϕ. As in the first case, from this we infer Bϕ = Bδ(q)Bξ. If ξ(g0) 6= 0, then
the lemma is proved (with ψ = ξ and n = 0). If ξ(g0) = 0, then we factorize Bξ in the
form Bξ = D
n
0,g0
Bψ, where n ∈ N, ψ ∈ E
′, ψ(g0) 6= 0, or Bξ = Bδ(r)Bτ , τ ∈ E
′, r ∈ D(P ).
Second decomposition is not valid, since otherwise Bϕ = Bδ(q)Bδ(r)Bτ = 0 by Lemma 3.6.
In addition, Bψ is a topological isomorphism E onto E by Theorem 4.1.
Corollary 4.1. Each nonzero operator from K(D0,g0), which is not finite-dimensional, is
surjective and has a continuous linear right inverse
Remark 4.1. Let Lat(D0,g0 , E) be the lattice of all closed D0,g0-invariant subspaces of
E. From the proof of Theorem 4.2 it follows, that the set of kernels of all operators Bϕ,
ϕ ∈ E ′, coincides with Lat(D0,g0, E) if and only if the function g0 = Peλ has no zeros,
i. e. P ≡ 1.
Remark 4.2. V.A. Tkachenko [11] investigated properties of the commutant of the op-
erator of generalized integration I in the strong dual of a countable inductive limit of
weighted Banach spaces of entire functions, whose growth is determined with the help
of a ρ-trigonometric convex function (ρ > 0) with values in (−∞,+∞]. The operator
I is the dual map (we use notations of this article) to the operator D0,g0 for a function
g0 = e
P , where P is a polynomial. This function has no zeros in C. The operator I is
unicellular. In the unicellular case of our article, if g0(z) = e
λz, Theorems 4.1 and 4.2
follow from statements, proved by V.A. Tkachenko [11, § 4, Property d); Theorem 2].
5 The generalized Duhamel product
We will apply Theorem 4.1 to a multiplication in H(Q). Let g0 = Peλ, where λ ∈ Q and
P is a polynomial such that P (0) = 1. By [7, § 4] F t(ϕ ⊗ ψ) = F t(ϕ) ∗ F t(ψ) for all
ϕ, ψ ∈ E ′, where ∗ is an associative and commutative multiplication in H(Q).
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For a polynomial r(z) =
n∑
j=0
bjz
j we define the differential operator r(D)(f) :=
n∑
j=0
bjf
(j). Note, that ϕ(Peλ) = P (D) (F
t(ϕ)) (λ), ϕ ∈ E ′.
Let m := deg(P ) ≥ 1. We introduce polynomials pj, 0 ≤ j ≤ m − 1, for which
m−1∑
j=0
pj(t)z
j = P (t)−P (z)
t−z
. Set p˜j(t) := tpj(t), 0 ≤ j ≤ m − 1, t ∈ C. As shown in [7, § 4],
for all f, h ∈ H(Q), z ∈ Q
(f ∗ h)(z) =
h(λ)P (D)(f)(z) +
z∫
λ
P (D)(f)(ξ)h′(z + λ− ξ)dξ −
m−1∑
j=0
p˜j(D)(f)(z)h
(j)(λ),
where the integral is taken along the line segment from λ to z. Employing integration by
parts and substitation η = z + λ− ξ, for f, h ∈ H(Q), z ∈ Q, we infer
(f ∗ h)(z) =
P (D)(f)(λ)h(z) +
z∫
λ
(P (D)(f))′ (η)h′(z + λ− η)dξ −
m−1∑
j=0
p˜j(D)(f)(z)h
(j)(λ).
This expression of ∗ emphasizes the significence of the factor P (D)(f)(λ). For P ≡ 1
(f ∗ h)(z) = f(λ)h(z) +
z∫
λ
f ′(η)h(z + λ− η)dη, z ∈ Q, f, h ∈ H(Q).
If P ≡ 1, λ = 0, then f ∗ h is the Duhamel product. In the space of all holomorphic
functions on a domain in C, star-shaped with respect to the origin, this product was
investigated at first by N. Wigley [12].
Define for f ∈ H(Q) the Duhamel operator Gf(h) := f ∗ h, h ∈ H(Q), which is
continuous and linear in H(Q). Note that Ŝϕ(ψ) = Gϕ̂
(
ψ̂
)
for all ϕ, ψ ∈ E ′. Applying
standard dual arguments to Theorem 4.1, we get the following result:
Corollary 5.1. For f ∈ H(Q) the operator Gf is a topological isomorphism H(Q) onto
H(Q) if and only if P (D)(f)(λ) 6= 0.
In the case g0 ≡ 1, i. e. P ≡ 1, λ = 0, this statement was proved by N. Wigley [12]
(for a domain Q, which is star-shaped with respect to the origin).
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